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CPM Precalculus Answers Chapter 4: A Comprehensive Guide

Precalculus is the bridge between algebra and calculus, equipping students with the concepts and skills needed to
tackle higher-level mathematics. For many learners, the fourth chapter of the CPM Precalculustextbook  presents

a pivotal moment: mastering rational functions, polynomial division, and the intricacies of asymptotes and
intercepts. This article offers a detailed, step by step walkthrough of Chapter 4, complete with worked examples,
answer explanations, and study strategies. Whether you're a student preparing for an exam, a tutor seeking a
reference, or a teacher looking for supplementary material, this guide will help you navigate the chapter with
confidence.

What You'll Learn in Chapter 4

Understanding the form and properties of rational functions.
Identifying and classifying zeros, holes, and vertical asymptotes.
¢ Using polynomial long division and synthetic division.

¢ Graphing rational functions with accuracy.

* Applying rational expressions to solve real world problems.

By the end of this article, you will be able to solve any problem in Chapter 4 of the CPM Precalculus book with ease
and precision.

Section 1: Rational Functions — Definitions and Basic Properties

1.1 What Is a Rational Function?

A rational function is a ratio of two polynomials, expressed as f(x) = P(x) / Q(x), where both P(x) and Q(x) are
polynomial expressions and Q(x)" 0. The domain of a rational function is all real numbers except those that make
the denominator zero.

1.2 Zeros, Holes, and Vertical Asymptotes

When simplifying a rational function, common factors between numerator and denominator may cancel. The values
of x that cause the denominator to be zero but are also zeros of the numerator are called holes. If a value of x
makes the denominator zero but the numerator remains non zero, the function has avertical asymptoteat that
value.

1.3 Horizontal and Oblique Asymptotes

Horizontal asymptotes describe the end behavior of a rational function. If the degree of the numerator is less than
the degree of the denominator, the horizontal asymptote is y = 0. If the degrees are equal, the asymptote is the
ratio of the leading coefficients. When the numerator’'s degree exceeds the denominator’s by exactly one, the
function has an oblique (slant) asymptote found via polynomial long division.

Section 2: Polynomial Long Division and Synthetic Division

2.1 Polynomial Long Division —The Classic Method



Long division is a systematic way to divide a polynomial by another polynomial. The steps are:

1. Arrange both polynomials in descending powers of x.

2. Divide the leading term of the dividend by the leading term of the divisor to obtain the first term of the
quotient.

3. Multiply the entire divisor by this term and subtract from the dividend.

4. Repeat until the remainder’s degree is less than the divisor’s.

Example: Divide 2x3 + 3x2-5x + 7 by X + 2.

e Quotient starts with 2x2 (since 2x3 + x = 2x?).

e Multiply divisor: 2x3(x + 2) = 2x3 + 4x2,

e Subtract: (2x3 + 3x?) - (2x3 + 4x2) = -x2 (plus remaining terms).
e Continue until remainder deg .

The final quotient is 2x2 - x + 7 with remainder -7, so the division yields 2x2 - x + 7 - 7/(x + 2).

2.2 Synthetic Division — A Quick Alternative

Synthetic division is efficient when dividing by a linear factor of the form x - c. It uses the coefficients of the dividend
and the constant ¢ from the divisor.

. Write the coefficients of the dividend in order.
. Bring down the leading coefficient.

. Multiply by ¢ and add to the next coefficient.

. Repeat until you reach the last coefficient.
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Example: Divide 4x3 - 6x2 + 2x - 8 by x - 3.

e Coefficients: 4, -6, 2, -8.
e Cc=3.
e Process yields quotient 4x2 + 6x + 20 and remainder 52.

Result: 4x2 + 6x + 20 + 52/(x - 3).

Section 3: Worked Examples and Answers

3.1 Example 1 — Simplify and Identify Asymptotes
f(X) = (X2 - 4)/(x? - 2x - 3)

Factor numerator: (x - 2)(x + 2). Factor denominator: (x - 3)(x + 1). No common factors, so no holes.

¢ Vertical asymptotes at x = 3 and x = -1.
e Degrees equal (2), so horizontal asymptote y = 1 (ratio of leading coefficients).

3.2 Example 2 — Long Division to Find Obliqgue Asymptote
g(x) = (2x® + 5x2 - 3x + 1)/(x - 2)
Long division yields quotient 2x2 + 9x + 15 with remainder 31. Thus, g(x) = 2x2 + 9x + 15 + 31/(x - 2).

e Oblique asymptote: y = 2x2 + 9x + 15.
e Vertical asymptote at x = 2.

3.3 Example 3 — Graphing a Rational Function
Graph h(x) = (x + 1)/(x2 - 1):



e Factor denominator: (x - 1)(x + 1) I cancel (x + 1) giving h(x) = 1/(x - 1) for x " -1.
* Holes: none (since cancellation removed the factor from denominator).

e Vertical asymptote at x = 1.

e Horizontal asymptote: y = 0 (degree of numerator

e Plot key points: h(0) = -1, h(2) = 1.

3.4 Example 4 — Solving a Real World Problem

A company sells a product for p(x) = (x + 4)/(x - 2) dollars, where xis the number of units sold. Determine the price
when 10 units are sold and analyze the price behavior as sales increase.

e Plug in x = 10: p(10) = (10 + 4)/(10 - 2) = 14/8 = 1.75 dollars.
e Asx!"", p(x) " 1 dollar (horizontal asymptote).
e Asx!’"2z, price "' +" (vertical asymptote). This indicates a price spike near 2 units sold.

Section 4: Common Mistakes and How to Avoid Them

4.1 Forgetting to Check Domain Restrictions

Always identify values that make the denominator zero before simplifying or graphing. Ignoring these can lead to
incorrect conclusions about holes or asymptotes.

4.2 Misapplying Long Division
When performing polynomial long division, ensure that the remainder’'s degree is strictly less than the divisor's. A
common error is stopping too early, resulting in an incorrect quotient.

4.3 Ignoring Simplification Opportunities
Canceling common factors is essential for determining holes. Failing to simplify can misrepresent the function’s
graph and its asymptotic behavior.

Section 5: Study Tips for Mastering Chapter 4

e Practice Regularly: Work through multiple problems from the textbook’s end-of-chapter exercises.

e Use Visual Aids: Sketch graphs to reinforce the relationship between algebraic expressions and their visual
representations.

e Teach Someone Else: Explaining concepts to a peer consolidates your understanding.

* Check Your Work: Verify domain restrictions, asymptotes, and intercepts after each solution.

¢ Seek Feedback: Discuss challenging problems with instructors or study groups.

Section 6: Additional Resources

¢ Khan Academy — Rational Functions

¢ Math is Fun — Rational Functions Overview

¢ Video Tutorial: Polynomial Long Division

¢ Desmos Graphing Calculator — Use to visualize rational functions.

Conclusion

Chapter 4 of the CPM Precalculus textbook lays a solid foundation for understanding rational functions, a
cornerstone concept in advanced mathematics. By mastering the identification of zeros, holes, vertical and
horizontal asymptotes, and by becoming proficient with polynomial long division and synthetic division, students
gain the analytical tools necessary to tackle complex problems and to visualize function behavior accurately.



Remember: the key to success lies in diligent practice, careful attention to detail, and a willingness to revisit
concepts until they become second nature. Use the worked examples, answer explanations, and study strategies
provided here to reinforce your learning and to confidently approach any problem in Chapter 4. Happy studying,
and may your rational function graphs always be clear and accurate!
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